




































































































































































































































































































































𝐼 = 𝐻 𝑋 − 𝐻(𝑋|𝑌)































L = 𝑓 + 𝛾! + 𝛾!,!






































Cov 𝐿,𝑅 = Cov 𝑓 + 𝛾! + 𝛾!,! , 𝑓 + 𝛾! + 𝛾!,!
= Cov 𝛾! + 𝛾!,! , 𝛾! + 𝛾!,!
= Var 𝛾! + Cov 𝛾!, 𝛾!,! + Cov 𝛾!, 𝛾!,! + Cov 𝛾!,! , 𝛾!,!
= Var 𝛾! = 𝜎!!
	
	
Cov 𝐿,𝑅 − 1 2 Var 𝐿 + Var(𝑅) = Var 𝛾! −
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= Var 𝛾! − 1 2
2Var 𝛾! + Var 𝛾!,! + Var 𝛾!,! +
Cov 𝛾!, 𝛾!,! + Cov 𝛾!, 𝛾!,!
= 1 2 Var 𝛾!,! + Var 𝛾!,!
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A vector sum of branches, 
projected in gradient 
direction 
0 µm 52 ± 10 µm 
B whether A is positive (1) 
or negative (0) 
0.5 0.68 ± 0.03 
C A, normalized by mean 
branch length 
0 0.69 ± 0.12 
D fraction of branches 
pointing right 
0.5 0.55 ± 0.01 
E fraction of east/west 
branches pointing west 
0.5 0.61 ± 0.02 
F D, weighted by branch 
length 
0.5 0.56 ± 0.01 
A B
Bias measure



















































c̄± = c̄1/2 ± gA/2 c1/2
( c±/c̄±)2 ⇠ 1/(c̄±a3)





















































than	in	the	first	cell	in	the	array,	 .	We	take	  as	Gaussian-distributed	with	
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theory
Size in direction of gradient, A (μm)








































































































D constrained by data
LU (LD)
































   [2] 
where	 .	Comparing	Eq.	[2]	to	the	BP	estimate,	Eq.	[1],	we	see	that	even	
when	communication	noise	is	accounted	for,	the	organoid	can	achieve	the	noise-free	
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A Wild type, uniform B P-cadherin, gradient




























































































A Single cells, gradient 
(irrespective of organoid of origin)
B Single cells, gradient 
(accounting for organoid of origin)
N
c̄n = c̄N   ag(N   n)












































h⌘n(t)⌘n0(t0)i = ( c̄na3 + µx̄n) nn0 (t  t0),
h⇠n(t)⇠n0(t0)i = [( c̄na3 + µȳn +  ȳn 1 +  ȳn+1 + 2 ȳn) nn0




















n = {1, N}









































































z x = y
r0 = 1/(1 + z) s ⌘ r   r0



































































































































































 ̄N = x̄N   ȳN
(  N )
2 = ( xN )
2 + ( yN )
2   2 cov(xN , yN )



















































































h⇥̃⇤N ⇥̃N i =  c̄N + µx̄N = 2µx̄N x̄N
⌧ Sc(⇥)a
6 = 2  c̄Na
3/[1 + (⇥ )2]




































































































 + 1 n = 1,
 + 2 2  n  N   1,
 + 1 n = N,
vn =  1 1  n  N   1,












previous	terms,	so	we	calculate	 	explicitly	from	 	and	 	and	simplify,	
	 	 (26)	




( 1)n+n0vn . . . vn0 1 n 1⇤n0+1/ N n  n0,
( 1)n+n0wn0 . . . wn 1 n0 1⇤n+1/ N n > n0,
✓n  n
 0 = 1,  1 = u1,  n = un n 1   vn 1wn 1 n 2 2  n  N,




 n 1⇤n0+1/ N n  n0,
 n0 1⇤n+1/ N n > n0.
✓n
 0 = 1,
 1 = ⇥+ 1,
 2 = (⇥+ 2)(⇥+ 1)  1 = ⇥2 + 3⇥+ 1,










































































































gj ⌘   log
✓





=   log [(N   n  1 + j)!] + log [(N   n  1  j)!] + log [(2j)!]  j log  .
log (x!) = (x+ 1/2) log x  x+ (1/2) log(2 )
gj =  
✓
N   n+ j   1
2
◆
log(N   n+ j   1) +
✓
N   n  j   1
2
◆































g0j =   log(N   n+ j   1)  log(N   n  j   1) + 2 log(2j)  log  
  1
2(N   n+ j   1)  
1






















j⇤ =  (N   n  1),
⇥ ⌘
p
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N   n+ j   1 +
1






(1 +  )(N   n  1) +
1
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2
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A slice in panel C
geometrically excluded
Size in direction of gradient, A (µm)









































Size in direction of gradient, A (µm)

































































c̄N = 2 nM
Berg-Purcell
with communication
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Multiplicative noise factor, f
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A Carbenoxolene, gradient B Flufenamic acid, gradient





















































End point quantification of a 
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many	 fundamental	 problems	 still	 exist,	 and	 how	 mathematical	 and	 engineering	
training	could	be	brought	to	bear	on	those	problems.	Biological	variation	is	one	such	
problem.	Without	understanding,	and	dissecting,	biological	variation,	we	are	unable	
to	 fully	 model	 the	 systems	 we	 study	 and	 understand	 the	 underlying	 causes	 of	
variation	in	atypical	individuals.	Further,	we	will	be	challenged	in	accurately	dosing	
interventions	 in	 variable	 diseases,	 or	 miss	 the	 modulation	 of	 variation	 as	 a	
therapeutic	 target.	 It	 is	 my	 hope	 that,	 taken	 together,	 my	 contributions	 have	
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provided	 new	 analytical	 tools	 for	 studying	 biomedical	 problems,	 have	 shed	
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